.£,(/), • • • and {(/) be random processes on the interval [0, 1], without discontinuities of the second kind. A. V. Skorohod has given necessary and sufficient conditions under which the distribution of /(C(0) converges to the distribution of /({(/)) as n -» oo for any functional / continuous in the Skorohod metric. In the following we shall consider only stochastically right-continuous processes without discontinuities of the second kind, i.e., processes such that the space X of their sample functions is the space of all right-continuous functions x(l) (0 < / < 1) without discontinuities of the second kind. For a set T =
1. Introduction. The study of random processes with independent increments is of special interest. Let us formulate one of the basic results of the present paper. Let £(<o) be a random variable defined on the probability space ß. For any d > 0 we set o if m<d, Let us assume that for the processes £,(/),..., £"(/), • • • and £(/) of Theorem 4 there exists an at most countable set T c [0, 1] such that the sample functions of these processes have no discontinuities at points in [0, 1]\ T with probability 1. It follows from Theorem 4 (see 3.4 ) that the conditions (a) and (b) of Theorem 4 are necessary and sufficient for the distribution of /(£"(?)) to converge to the distribution of /(£(/)) as n -» cc for any functional / continuous in the uniform metric pc (pc(xx, x2) = sup,|x,(0 -*2(')l).
As an immediate consequence of the limit theorems for random processes with independent increments and without discontinuities of the second kind, one obtains limit theorems for sums of independent random variables (see §4). Let us consider a simple example. Let £,,...,£,,... be a sequence of independent identically distributed random variables for which ££" = 0, Dl-" = 1. Let us consider a random process v"(t) on the interval [0, 1], which equals Sk/Vn~ if t E[(k -l)/n, k/n) and tj"(1) = SjVñ ; the random variable Sk = £x + • • • + %k. The random processes tj,(/), ... t]"(t),... and w(t), where w(t) is the process of Brownian motion, satisfy all the hypotheses of Theorem 4. All sample functions of these processes are continuous at irrational points with probability 1. From the above we obtain Donsker's theorem: For any functional / continuous in the uniform metric the distribution of f(t]n(t)) converges to the distribution of/(»v(/)) as n -* oo.
2. Convergence of random processes without discontinuities of the second kind.
2.1. Let X denote the set of all functions x(t) on [0, 1] which have no discontinuities of the second kind. For the sake of simplicity, we shall assume that x(t) is right-hand continuous, that is, x(t + 0) -x(t). In the uniform metric Pe(*.»*a)"«uPr*i(0-'xa(0il t the space X is not separable. This fact forces us to consider the Skorohod metric on A". Let A denote the set of all continuous increasing functions X(r) on [0, 1] such that X(0) = 0, X(l) = 1. The Skorohod metric is defined by the License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use formula P,(*i. x2) = int [ sup ¡^,(A(/-)) -*2(')| + SUP KO -'I ASA L I / It is evident that the space X is separable in the metric ps (see [2, VI, §5]). 2.2. By definition a random process £(t) on [0, 1] has no discontinuities of the second kind if the sample function of this process belongs to the space X with probability 1 (because of this we assume from the beginning that the process £(t) is stochastically right-hand continuous, that is, £(/ + 0) = £(/)).
For every positive number c < 1 consider the functional
on X. In [2, VI, §5] the following theorem is proved. Theorem 1. Let £,(/), ..., £n(t),... and £(t) be random processes without discontinuities of the second kind defined on [0, 1 ] and suppose that for any finite set of points /,,... We set
It is easy to prove that for the set Uffi to be open in the Skorohod metric it is necessary and sufficient that a(t) and b(t) be continuous functions.
Let T -(/,,..., t",... ) be an at most countable set on [0, 1]. Consider the metric pT(xx, x2) = ps(xx, x2) + Ï ¿ [M'« -°) -*2('" -0)| +|*,(/") -x2(t")\] on^.
Let us point out some simple properties of the metric pT. In this metric the space A* is separable. A functional which is continuous in the Skorohod metric ps is also continuous in the metric pT. Functional/,-(;c) = x(t0 -0) and/, (x) = x(t0), where 0 < t0 < 1, are continuous in the metric pT if and only if t0 G T. On the other hand, the functionals f,~(x), f, (x) are discontinuous in the metric ps. Proof. Let x0(t) E VCJt. This means that there exist five points t\, t2, t3, t4, ts c [0, 1] which satisfy the following conditions: (1) tx < c,t5> 1 -c,t2< t3< t4, t3-t2< c, tA-t3< c;
+ K(M-*o(0| *«o>«-Let us assume that the function x0it) is continuous at the points t2, t3, t4, t5 (if /, < c then we shall assume that the function x0(t) is also continuous at the point tx). 2.5. Let probability measures px,..., p",... and p be defined on the Borel sets of the metric space ß. As usual, we say that p" converges weakly to p if one of the following three equivalent conditions is satisfied:
(1) For any bounded continuous function/defined on ß, jfdp» -*ffdp.
(2) For any continuous function / defined on ß the distribution of / with respect to the measure pn converges to the distribution of/with respect to the measure p as n -» oo. Remark. The Banach algebra G(ß) satisfies all the hypotheses of Tychonoff's theorem [4, I, 9] , and hence there exists a compactification K of the space Q such that the Banach algebra of all bounded continuous functionals of the space ñ, which can be extended continuously on K, is G(fi). In [3, §5] a proof of proposition equivalent to Lemma 3 is given "which uses compactifications. The theory of compactifications is used substantially in study of limit theorems for functionals of measurable random processes (see [3] ).
2.6. Definition 2. A functional / defined on the set A" is said to be completely continuous if there exists an at most countable set T c [0, 1] such that/is continuous in the metric pT. Let numbers c>0, e>0, 0<a<l,0</?<l be given. We say that £(/), SR, HQ, c, £, a, ß is a consistent system if (1) sr t* hq for all r and q;
(2)2c<sr-sr_x <4c,
(3) Vi -K > 8c' h\ > 4c, Äß < 1 -4c; Suppose that there exist t and n0 > Nx such that K(Ô -<P(Ô| > 4e.
We have three possibilities:
(l)f£(c,l-c);
(2) there exists / = 1,.. ., k such that \t, -t\ < e;
(3) there exists / » 0, 1,..., k such that t¡ + c < t < tj+x -c.
Case (1) . Let t E (0, c]. Then
Consider a number qx > max(l, e, %A/e). It can easily be shown that
Therefore if t G (c, 1 -c) then
P{àJ(fH(t))>t}>t/2ql. 4Z)(£(0)-£(1)) + 1 4j8-g 1-ß
From the above it follows that condition II of Theorem 2 for random processes £"(r) holds true. By assumption, condition I of Theorem 2 for the processes £"(/) and £(/) is satisfied. By virtue of the above and Theorem 2 we have the validity of Theorem 4.
Remark. In the proof of the necessity of conditions (a) and (b) of Theorem 4 the fact that £"(r) and £(t) are random processes with independent increments was never used.
3.4. Definition 3. A random process £(/) without discontinuities of the second kind defined on [0, 1] is said to be almost continuous if there exists an at most countable set £4 c [0, 1] such that the sample functions of £(/) have no discontinuities at the points of [0, 1] \ T{ with probability 1.
Let £(f) be an almost continuous process. Consider a set
It is evident that P{Z(t)EX') = l.
Consider the uniform metric pc on X'. The sets of the form Ujßß, where the functions a(t) and b(t) can have discontinuities only at points of T, generate the basis of open sets of the space X' with the metric pc. From this it follows that the topologies determined on X' by the metricpc and pT coincide. The following theorem is an immediate corollary of the above and Theorem 4.
Theorem 5. Let almost continuous random processes with independent increments £,(/),. . ., £"(f), . . . and £(f) be defined on [0, 1]. Suppose that for every £ > 0 there exists d > 0 such that Ei-¿a)(t) < e for all n and t. Then the distribution o//(£"(/)) converges to the distribution off(£(t)) as n -» oo for every functional f which is continuous in the uniform metric if and only if conditions (a) and (b) of Theorem 4 are satisfied. 4 . Limit theorems for sums of independent random variables. Let tj(í) be a random process with independent increments, defined on [0, 1] and such that £|t)(í)¡2 < A, for some A and all / E [0, 1]. Let <p(f) = Er\(t), y(t) = y(t) -q>(t) and \¡/(t) = Dr¡(t). The process tj(/) has no discontinuities of the second kind if and only if the function <p(r) has no discontinuities of the second kind. We assume that r¡(t) has no discontinuities of the second kind. Denote by t,, ..., rk,. .., the points of discontinuities of $(t). Set Theorem 6. TAe distribution j(t\n(t)) converges to the distribution j(r\(t)) jor any completely continuous junctional j ij and only ij all oj the jollowing conditions are satisjied:
(1) The junctions cpn(t) = Etjn(t) converge unijormly to <p(t);
(2) The junctions i//"'= Dnn(t) converge unijormly to 4>(t);
(3) The distribution ojt]n(0) converges to the distribution o/tj(0); (4) The distribution of t]n(Tk) -tin(rk -0) converges to the distribution of Tíí^) -ri(rk -0);
(5) For any pair of points tx < t2, 
